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Abstract 

We define in this paper several Hopf algebras describing the combinatorics of the so- 
called multi-scale renormalization in quantum field theory. After a brief recall of the 
main mathematical features of multi-scale renormalization, we define assigned graphs, 
that are graphs with appropriate decorations for the multi-scale framework. We then 
define Hopf algebras on these assigned graphs and on the Gallavotti-Nicolo trees, par- 
ticular class of trees encoding the supplementary informations of the assigned graphs. 
Several morphisms between these combinatorial Hopf algebras and the Connes-Kreimer 
algebra are given. Finally, scale dependent couplings are analyzed via this combinato- 
rial algebraic setting. 
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1 Introduction 



The interplay between combinatorics and physics has been recently very fruitful for both, and 
leads to the new and emerging interdisciplinary field of combinatorial physics. For instance 
combinatorial tools have been successfully used for a better understanding of the algebraic 
structures underlying quantum mechanics and the interplay between combinatorics and sta- 
tistical physics or integrable systems has been extensively studied both by combinatorists 
and by theoretical physicists. 

In quantum field theory (QFT), a similar success is the elegant description of the com- 
binatorial backbone of perturbative renormalization via the combinatorial Connes-Kreimer 
Hopf algebra on Feynman graphs (see the original paper The Connes-Kreimer 

Hopf algebra allows to recover the analytic expressions of a renormalized Feynman amplitude 
and the usual forest structure of the subtraction operators, e.g. in the Bogoliubov-Parasiuk- 
Hepp-Zimmermann (BPHZ) renormalization, by using the recursive computation of a twisted 
antipode, which automatically generates all Zimmermann's forests with their correct weight. 

This elegant point of view and its relationship with other mathematical problems such as 
the Riemann-Hilbert problem [CKOOJ, |CK01] has made renormalization a popular subject 
of mathematics. But there is a drawback: it has become so famous among mathematicians 
that it may have obscured for some of them the true physical meaning of renormalization. 
Indeed the key physical notion in renormalization, namely the notion of scale, is absent or 
hidden in the Connes-Kreimer formalism. 

It is the goal of this paper to attract the attention of the mathematics community on this 
point and to propose a possible compromise by supplementing the Connes-Kreimer algebra 
with discrete scale assignments. The corresponding algebra is generated by assigned graphs, 
which are ordinary Feynman graphs supplemented with the assignment of of an integer to 
each edge. This integer physically represents the resolution scale of that edge or propagator. 

Indeed the modern physical version of renormalization, namely the renormalization group 
discovered by Wilson and followers tells us that the main purpose of renormalization is not to 
remove divergencies from Feynman amplitudes, nor to hide them into unobservable infinite 
bare parameters 0. Renormalization is much more general and powerful. It really explains 
why and how, for physical systems with many coupled degrees of freedom, the laws of nature 
change with the observation scale |Wi l75j . This fundamental aspect of renormalization is 
captured mathematically by a multiscale analysis (for a general presentation of this, see the 
book |Riv92j l 

The fundamental fact that characterizes the multiscale analysis is that the famous con- 
traction and subtraction operations that implement renormalization are not effectuated 
blindly. They make physical sense only for so-called high subgraphs, i.e. connected sub- 
graphs which have all their internal scales higher than any of their external scales. It is 
solely for such subgraphs that the comparison of their amplitudes to a local part makes 

*Let us also mention here that a Hopf algebraic description was also used to describe the combinatorics 
of perturbative renormalization on noncommutative Moyal space scalar QFT (where graphs are replaced by 
ribbon graphs, or combinatorial maps) }TVT08j . |TK12j : moreover, Connes-Kreimer-like Hopf algebras have 
been defined for quantum gravity spin- foam models jTanlOj . 

^What could be less infinite that the bare coupling of QCD, which according to the renormalization group 
indeed tends to zero at a high ultraviolet scale. 
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sensej. It is this distinction which in turns launches the renormalization group flow, hence 
the motion of effective constants with scale. Assigned graphs allow to define such high parts, 
whether general graphs do not; hence we feel they should become part of the combinatoric 
Hopf algebra framework used by mathematicians to describe renormalization. 

In this paper, we therefore define a new Hopf algebra which is meant to describe the 
combinatorial soul of this powerful (but not sufficiently known in the mathematics commu- 
nity) multi-scale renormalization technique. In order to do that we define assigned graphs as 
Feynman graphs together with a scale assignment of their edges. The desired combinatorial 
Hopf algebra is then defined on the space freely generated by these assigned graphs. The 
coproduct has then to take into account the supplementary scale information of the assigned 
graphs: one only sums on the particular class of high subgraphs. For example, one does not 
need to sum on all subgraphs with two- or four-external edges, as it is done in the definition 
of the Connes-Kreimer coproduct of the scalar 4 model. 

2 Multi-scale renormalization in a nutshell 

The multiscale analysis of renormalization relies, from a mathematical point of view, on a 
geometrically growing sequence of discrete scales. There are two main technical ways to 
create the sequence of scales: 

• block spinning of the field variables in direct space, that is defining <p = <ftf + </>&, where 
the background field <fib is the local average of <fi with respect to a lattice of cubes of 
side size M, and <pf, the fluctuation field is simply the difference between the field and 
the background field; 

• slicing the propagator C as Cf + C&, where Cf has both infrared and ultraviolet cutoff 
with fixed ratio M and Cf, has only an ultraviolet cutoff, which is the infrared cutoff 
of Cf] in that case the slicing induces an orthogonal decomposition of the field as 
<f) — <f)f + 06, where 0/ is distributed according to Cf and 0& according to C^. 

The first technique is more general and can apply to any statistical mechanics system 
but requires a discretization through lattices. The second technique is the most elegant 
and clearly best adapted to perturbative renormalization theory around a propagator with 
non-trivial spectrum. More precisely an excellent compromise for propagator with a positive 
spectrum is the parametric slicing: 

Definition 2.1 (Parametric Slicing) Let C = 1/H be the propagator of the theory. The 
parametric slicing is given by the formulae 



■^Physically this is nothing but the trivial observation that objects with a certain size look local only when 
observed through probes that do not distinguish their internal structure. 





(2.2) 



3 



The natural ultraviolet cutoff on the theory is then 



C P = J2° l ( 2 - 3 ) 

for finite and large integer p. In the case of the usual </> 4 model (Laplacian plus some mass 
parameter m on W d ) we get the following slices 

C= [ M ~ 2( '~\- m2 «-^^ C°= fe-™ 2 -^^. (2.4) 

J M~ 2i 



a d/2 ' / a d/2 ■ 



a being dual to p 2 , one should consider each propagator C l as corresponding to a theory with 
both an ultraviolet and an infrared cutoff. They differ by the fixed multiplicative constant 
M, the momentum slice "thickness". 

The decomposition 12.4112.41 is the multislice representation. From the general definition 
of Gaussian measures follows an associated decomposition of the Gaussian measure dp p of 
covariance C p into a product of independent Gaussian measures dp 1 with covariance C\ 
Similarly the random field <p p distributed according to dp, p is the sum of independent random 
variables 4> l distributed according to dp 1 : 

p 

<f) p = J2^ dp p (<P p ) = ^ =Q dp l (<p i ) (2-5) 

j=0 

This independentness of the fields at each scale in turns leads in the perturbative analysis 
of the corresponding functional integral to a sum over assigned graphs, that is graphs which 
have an integer associated to each edge, namely its scale. 

Definition 2.2 A scale assignment \l for a Feynman graph is a list of positive integers 
i£, £ — 1, . . . , E associated to the internal edges of the respective Feynman graph. 




Figure 1: A Feynman graph with a scale assignment; it has 10 internal edges and 4 external 
edges. 

Note that the integers in the definition above are bounded by the cutoff p. We then 
define the internal and external index for a subgraph (g,v) of an assigned graph (G,p) as: 

i g ((i)=Mi l , e g (p) = sup k (2.6) 

l external edges of g 
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Definition 2.3 Let (G,/i) an assigned graph. We say that a subgraph (g,v) is a high 
subgraph if g is connected and if the internal index of g is higher than its external index: 



Definition 2.4 (Zimmermann forest) A Zimmermann forest J 7 of some graph G is a set 
of subgraphs of G such that (g\ C g% or g 2 C g%) or g\ D g% — 0, Vg±,g2 G T . 

High subgraphs are partially ordered by inclusion. An essential result is that they form 
a Zimmermann forest in the following sense 

Lemma 2.5 Let (G,[a) be a fixed graph and scale assignment. The set of high subgraphs is 
a Zimmermann forest. 

Usually the final graph G is connected and this inclusion forest of "high" subgraphs forms 
a tree which is nothing but the Gallavotti-Nicolo tree [GN85b] and [GN85aJ (see Definition 
6.1 below). 

3 Assigned graphs; operations 

Definition 3.1 An assigned graph (G, //) is the couple formed by the 1PI Feynman graph 
G together with a scale assignment fi. 

Remark 3.2 1. One can associate to some Feynman graph an infinite number of assigned 



2. Assigned graphs can be seen as a particular class of decorated graphs. 

Definition 3.3 An assigned subgraph (g,v) of a given assigned graph (G,fi) is con- 
structed in the following way. One considers a subgraph g of the Feynman graph G, in the 
usual QFT way. The scale assignment v of G is given by the restriction of the scale assign- 
ment fi to the internal edges of g (which are also internal edges of G). Moreover, the external 
edges of g which are internal edges of G have the scale assignment which is attributed to them 
by fi. The same holds for the external edges of g which are external edges of G. 

Furthermore, one can define the usual graph theoretical notions (number of edges, ver- 
tices, (independent) cycles etc.) of an assigned graph (G,fi) as the respective notions of the 
Feynman graph G. Moreover, we call (G, fi) an n— point assigned graph if G is a n— point 
1PI Feynman graph (that is, if G has n external edges). 

We now define (G,n) to be the set of assigned graphs formed by two- or four-point high 
assigned subgraphs of the assigned graph (G,fi). 

Definition 3.4 The shrinking of a two- or a four-point assigned subgraph (g, v) inside 
an assigned graphs (G, fj) is defined in the following way. The shrinking of the subgraph g 
inside the Feynman graph G is done in the usual QFT way, i. e. the subgraph is replaced 
by a propagator or by a vertex; one has the cograph G/g. The scale assignment fi/u of 
the cograph G/g is given by the initial scale assignment \i, where we have erased the scale 
assignment of the internal edges of g We call the resulting assigned graph (G/g, fi/v) an 
assigned cograph. 





(2.7) 



graphs. 
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4 Hopf algebra structures on assigned graphs 



Consider now the unital associative algebra H p freely generated by the assigned graphs, 
including the empty assigned graph, which we denote by l-^ p , since, as we have already 
mentioned in section |2j the integers of the scale assignment /i are bounded by some integer 
cutoff p. One has % p C % p +i C . . . C Hoo- Since we do not deal here with distinct cutoffs, 
we denote % p by H in the rest of the paper. 

The product on H m((gi, /ii)(<?2, ^2)) = (flSAO is given by the operation of disjoint 
union of assigned graphs. This means that the resulting 1PI Feynman graph g is given by 
the disjoint union of graphs and each disjoint component gi keeps its scale assignment fii 
(i = 1,2)- this gives the resulting scale assignment \i. As in the case of the Connes-Kreimer 
product, this product is bilinear and commutative. 

Let us now define the coproduct A : W — > H <g> W as 

A(G,0) = (G,fi)®l w + l«®(G,/x)+ J2 i9,v)®{G/g,ii/v). (4.1) 

(g,i/)C(G,M) 

In order to illustrate the definition of the let us list all the connected 1PI high superficially 
divergent subgraphs {%. e. high 2— or 4— point subgraphs) of the graph of figured] 

{1,2, 3, 4}, {7, 8, 9, 10}, {3, 4}, {7, 8} (4.2) 

Therefore, the coproduct reads, omitting the explicit expression of the scale assignment, 

A(G) = G ® l u + l H ® G + {1, 2, 3, 4, 7, 8, 9, 10} ® Gj {1, 2, 3, 4, 7, 8, 9, 10} 
+ {1, 2, 3,4} <g> G/ {1, 2, 3, 4} + {7, 8, 9, 10} <g> G/ {7, 8, 9, 10} 
+ {1,2, 3, 4, 7, 8} ® G/ {1, 2, 3, 4, 7, 8} + {3, 4, 7, 8, 9, 10} ® Gj {3, 4, 7, 8, 9, 10} 

+ {3,4} <S> Gj {3, 4} + {7, 8} <g> Gj {7, 8} + {3, 4, 7, 8} ® G/ {3, 4, 7, 8} (4.3) 

For example, the reduced graph G/ {7, 8, 9, 10} is illustrated on figure [2j 




Figure 2: The reduced graph Gj{7, 8, 9, 10} 

Note that the vector space H is graded, as in the usual Connes-Kreimer case, by the 
number of independent cycles, number of edges or by the number of edges minus one. 
Furthermore, we define the counit e : H — » IK as: 

e(l u ) = 1, e((G, fj,)) = 0, V(G, M ) ^ 1„. (4.4) 

Finally, the antipode is given recursively by 

S-.U^U (G, M )^-(G, M )- ^ S((g,u))(G/g,p/nu). (4.5) 
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The convolution product * in Hom("H, .4) is denned by 

f * g = m A o (f ® g) o A H . 



(4.6) 



This antipode can be computed, as the inverse for the convolution of the identity map. 
In the case of the Connes-Kreimer Hopf algebra of trees, this was done in [FGB01] . For the 
graph algebra defined here, an analogous computation leads to 

L 

S{G, A*) = £ £ c n-i(-(G?,»?)) ■ ■ ■ (-(<?{?,**?)), (4.7) 

n=l i 

where 

A'"(G,/i) = £c«(G<« /x?) ® . . . ® (G%,»%). (4.8) 

i 

and c$ are the appropriate combinatorial factors obtained from the explicit coproduct com- 
putation. Note that, from the explicit definition of the unit and of the counit map, one can 
prove that the sum over n in (14. T[) has a finite number of terms, equal to the number of 
independent cycles of the respective graph, denoted here by L. The non-recursive formula 
(14. 7p is then equivalent to the sum over Zimmermann forests of high superficially divergent 
graphs. 

We can now state the main result of this section: 

Theorem 4.1 The quadrupole (H, A, e, S) is a Hopf algebra. 

A further combinatorial Hopf algebra can be defined if one sums, in the definition of the 
coproduct, over all high graphs, not necessarily having two or four external edges. We thus 
define a coproduct A c : 7-L c — » 7i c £g> 7-L c as 

A C (G» = (G,/i) ® 1 + 1 <g> (G,]i) + ® {G/g,fi/u). (4.9) 

Note that T-L c allows graphs with vertices of any valence. This algebra contains the renor- 
malization Hopf algebra ("H, A) above as a quotient algebra; it is the generalization of the 
core Hopf algebra defined for usual graphs in |BK08j and [KMllj . 

Just like in the Connes-Kreimer case, one has, for both combinatorial Hopf algebras 
above, straightforward pre-Lie algebra structures, given by the operation of insertion of 
assigned graphs. Antisymmetrizing this operation leads to a Lie algebra of assigned graphs. 
Consider now the graded dual of the universal enveloping algebra of this Lie structure. This 
gives the renormalization Hopf algebra defined above. 

5 Combinatorics of multiscale renormalization and Hopf 
algebras 

Let us now exhibit the relation between the Hopf algebra of the previous subsection and the 
combinatorics of multi-scale renormalization. This extends to multiscale renormalization the 
relation between the Connes-Kreimer Hopf algebra and renormalization. 
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We first recall the Feynman rules. Given an assigned graph (G, //), we associate a space- 
time variable in M 4 to each vertex and and a covariance C l (x s in,ytm) to a edge with scale 
% joining the vertices s(l) and £(/). Then, we integrate over all space-time variables but the 
ones attached to external edges to define the unrenormalized amplitude, 

A(G,ti)=[ J] dx v H C i (x a(t) ,y m ). (5.10) 

internal vertices internal edges 

These are the Feynman rules formulated in position space, as is usual in multiscale analysis. 
Obviously, the evaluation of a disconnected graph is the product of the evaluation of its 
connected components, so that the evaluation map A : % — > A which sends a an assign 
graph to its value A(G, p), with A a suitable commutative algebra depending on the variables 
attached x\, . . . ,x n to the external edges, is a character. The connected n-point correlation 
functions with cut-off p are computed as a sum over over all connected Feynman graphs with 
n external edges and scales less than p, 

W( Xl ,...,x n )= J2 52A(G,n)[ Xl ,...,x n ] V (5.11) 



G connected graph j|/|<p 
with n external lines 



with g a coupling constant and S(G) the symmetry factor of G (cardinal of its automorphism 
group). 

In order to simplify the analytic discussion and focus on combinatorics, let us formulate 
the finiteness result of multiscale renormalization for the restricted class of graph with at 
least four external edges that do not contain a non trivial subgraph with two external edges. 
Following the terminology of |Riv92] . we call these graphs "biped free graphs". Then, the 
multiscale renormalization of biped free graphs can be formulated in terms of Hopf algebras 
as follows. 

Theorem 5.1 Biped free graphs define a Hopf subalgebra Hbf of H. Furthermore, there 
exists a character C v : "Hbf _ > R such that, for any biped free graph, 

lim V |[C U * A](G,u)\ < oo, (5.12) 

p— S-+CO ^ — ' 1 L J 1 

where the sum runs over all scale assignments with scales less than p. 

The first assertion follows from the definition of the coproduct of H and the stability 
of the class of biped free graphs under subgraph extraction and contraction. To check the 
second one, let us give a recursive definition of C v . We denote by tA : H — > R the linear 
and multiplicative map defined as follows, 

A(n \ _ / L4 dx 2 ■ ■ ■ dxi A(G, p)[xi, . . . , X4] if G has four external edges, , , 
rA(G,/i) = j Q - otherwise. {bA6) 

Because of translation invariance, tA does not depend on x\ and can also be computed 
by integrating over any (n— l)-uple of variables. tA is the position space analogue of the 



8 



evaluation at external momenta after factorization of a Dirac distribution in momentum 
space. 

We define C\j recursively by 



C v (G,n) = -rA(G,ti)+ Yl 



tA(G/G'^/^)C v (G'^'). 



(5.14) 



(G',/i')e(G,/0 



It is crucial to note that Cjj(G, /i) does not depend on the space-time variable x attached to 
the external edges because of translation invariance, so that it is a constant function. It is 
also easy to see that it is multiplicative over disjoint unions. Therefore, (15.141) can be written 
in the language of Hopf algebras as C\j * {tA) = e, which means that Cjj is the inverse of 
tA for the convolution product of "Hbf- For any commutative Hopf algebra, the inverse of 
a character for the convolution product in obtained by composing it with the antipode, so 
that Cu = {tA) o S. Finally, we define 



Using the explicit form of the antipode (14 .TP as a sum over high graph forests, we identify 
Axjr(G, //) with the usefully renormalized amplitude defined in |Riv92] in the case of biped 
free graphs and Cu(G,/j i ) with the useful counterterms. Note that the previous discussion 
only relied on the linear structure of the algebra A and not on its product. However, it is 
crucial that tA is a character, which follows immediately from the fact that it is a constant 
function. For graph with bipeds, r involves a Taylor expansion at order 2 so that the 
construction is more involved. 

Remark 5.2 Let us emphasize that this is not the usual BPHZ forest formula. Indeed, the 
latter involves a sum over all forests whereas the forests J 7 in (I5.15P are such that if G C G' 
in T , then all edges of G have higher scales than those of G (the high scale condition, see 
above). The extra forests appearing in the BPHZ formula lead to new divergencies, called 
"renormalons" that no longer affects individual Feynman amplitudes but the convergence or 
Borel summability of the power series in the coupling constant as a whole. This "renormalon" 
problem, is cured by the multiscale expansion at the expense of using multiple coupling con- 
stants known as the effective coupling constants, as discussed in section 8 (see \Riv9^ for 
more details on this). 

6 Hopf algebra structures on the Gallavotti-Nicolo trees 

Multiscale analysis can be equivalently formulated in terms of rooted trees known as the 
Gallavotti-Nicolo trees. Let us begin by recalling the definition of the Gallavotti-Nicolo tree 
T(G,ti) associated with to a connected assigned graph (G,/i), following |Riv92j . 

Definition 6.1 The Gallavotti-Nicolo tree T^g^) is a rooted tree whose nodes at a distance 
i from the root are decorated with the connected high subgraphs G l c with scales > i and whose 
arrows join the nodes decorated with G l c and G 1 ^ 1 if and only if G l c is a high subgraph of 



Avk 



Cu*A = [(tA) o S] * A. 



(5.15) 
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In order to represent the Gallavotti-Nicolo tree, it is convenient to adopt a phase-space 
representation with positions on the horizontal axis and scales on the vertical one. The phase 
space representation of the graph of figure [T] and its Gallavotti-Nicolo tree can be found on 
figure [3j 

Scales Scales 
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Space Space 



a) Phase space representation b) Gallavotti-Nicolo tree 

Figure 3: Phase space representation of the graph of figured] and the associated Gallavotti- 
Nicolo tree 

The following properties follow easily from the previous definition. 

Proposition 6.2 Let T(q h) be the Gallavotti-Nicolo tree associated with the assigned graph 
(G». 

1. The root ofTfa,n) is decorated with G itself. 

2. The leaves of Tta^ all are at distance p from the root, with p the ultraviolet cutoff. 

3. If the scales j and k are such that the scales i obeying j < i < k do not appear in 
(G,fi), then any subtree ofTia,n) whose root is a at distance j and leaves at a distance 
k from the root of T^g^) does not branch and has all its nodes decorated by the same 
graph. 

In order to define the Hopf algebra underlying multiscale renormalization on the Gallavotti- 
Nicolo trees, it is useful to introduce the following terminology. If T' C 7(c?,/i) is a subtree, 
we define its completion T' = Tra',^) to be the Gallavotti-Nicolo tree associated with its 
root (G',p'). Furthermore, we define an admissible cut C to be a non empty subset of |C| 
arrows of Tiq^ that join nodes decorated by two different graphs, the graph farther form 
the root having two of four external edges and such that any path form the leaves to the 
root contains at most one arrow in C. Removing the arrows in C we get a subtree T< that 
contain the root and trees T> that do not contain the root. 

Proposition 6.3 The free commutative algebra %gn generated by all Gallavotti-Nicolo trees 
is a graded Hopf algebra whose counit and coproduct are defined on the generators by e(T) = 
and 

A(T) = T<g>l + l<g>T+ ( II ^>)®^- 

C Kn<\C\ 
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Its grading is n(T) = ^{arrows joining nodes decorated with different graphs} + 1. 

The only non trivial assertions to check are the coassociativity of the coproduct and the 
existence of the grading and the antipode. The first proof is similar to the proof of the 
coassociativity of the coproduct in the algebra of rooted trees, as can be found in [CK98J. 
The assertion pertaining to the grading is easy to check as any cut reduces the number of 
of arrows joining nodes with different graphs by the number of cut edges. Finally, for any 
graded commutative bigebra there is a recursive construction of the antipode, as given in 
[FGBOlj . 



7 Relations between these combinatorial Hopf alge- 
bras 

Let us notice that the Gallavotti-Nicolo tree algebra is isomorphic to the algebra "H. 

Proposition 7.1 The algebra morphism tt : H — > Hgn defined on the generators by 7Tgn(G, p) 
T(g,)j.) i s a Hopf algebra isomorphism. 

On the other hand, the Hopf algebra of Gallavotti-Nicolo trees is a refinement of the 
Hopf algebra of rooted trees "Hrt, as defined in |CK98j . Indeed, for any Gallavotti-Nicolo 
tree T let us define T as the rooted tree obtained by contracting all the arrows joining nodes 
decorated with the same graphs and removing all the decorations. 

Proposition 7.2 The algebra morphism defined on the generators o/'Hgn by 7Trt(T) = T 
extends to a surjective Hopf algebra morphism from Hgn to T-Lrt- 

In [GKOOj . a graph renormalization Hopf algebra H-ck was introduced. Let us describe 
the relation between this Hopf algebra and the one presented here. 

Proposition 7.3 For every p G Z +; the algebra morphism defined by on the generators of 
Kck by 



7T; 



: (G)= X)(G,aO 

extends to a Hopf algebra morphism from %ck to %. 

For example, for the sunset graph, the morphism formula above leads to: 



(7.1) 




7TCK 



(7.2) 

0<ii<i2 x \^ - »2 0<ii<«2 *2 0<ii \^ ll 

Remark 7.4 This morphism allows us to evaluate Feynman amplitudes with cut-off p as 

A^G) = Aorc p CK (G). (7.3) 
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8 Effective expansion 



As already mentioned above, multiscale renormalization is deeply rooted in Wilson's ideas on 
renormalization. and these ideas translate, from a "technical" point of view, into the slicing 
of the propagator (12.11) To fully implement Wilson's ideas, it is also necessary to introduce 
scale depend couplings Af known as the effective couplings in the expansion of the correlation 
functions (15. lip . This is formulated in the context of Hopf algebras as follows. 

First, recall that formal power series of the type A + Ylk>2 a k^ k form a group for the 
composition law. This group is the group of character of a commutative Hopf algebra Hdis 
generated by the coefficients au- The Hopf algebra Tidis is related to the Hopf algebra of 
graphs %ck through the coupling constant renormalization, as formulated in |CK01j . 

We now denote by v (G) the number of vertices of the graph G. 

Proposition 8.1 The application ir^is '■ Hdffi Hck given by 



S(G) 

G biped free graph with ^ ' 

four external lines and v{G) — k 



is an algebra morphism. 



The proof is analogous to the one in |CK01j . with four external edges instead of three and 
omitting the wave function renormalization because the graph is biped free. 

Then, we express the multiscale renormalization of biped free graphs in the Hopf algebraic 
setting. We define (ri) ft! and Cy 1 to be the characters of %bf equal to tA and C\j on assigned 
graphs that only involve scales between i and p and vanish on any other assigned graph. 

Theorem 8.2 The formal power series in the variable X p defined by 

g? = $>A)" o < K o rr diS (a k ) (g p ) k (8.2) 

k 

satisfies 



E £^ G >")^w"= E E*»«™ n -|gf . (^) 

G biped free graph \^\<p ^ ' G biped free graph |p|<p V vertex ^ ' 

with n external lines with n external lines 

where e v (p) is the highest scale of the edges attached to v. 

The proof of this result relies on the fact that (15.151) can be written as A = (tA) * ^4ur 
since C\j is the inverse of tA for the convolution product. Then, we restrict the characters to 
biped free graphs with scales between i and p and compose both sides by the Hopf algebra 
morphisms 7r£ K and 7Tdiff. 
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